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Abstract 

It is shown in this paper that one does not need to use just exponential dump- 
ing factor when computing the Rutherford formula within Born approximation. 
Text, which is very simple, might be of interest for physics students as well as for 
physics teachers. 



Example 1 

The scattering amplitude for a particle of mass m in the spherically symmetric 
potential energy V(r) within the Born approximation is given by 

2m f°° 

f(9) = — I drrV(r) sin(ftr) , (1) 
n k Jo 

where k = q — <f, q is the wave vector of incident particle and <f is the wave 
vector of scattered particle. The vector k is related to the scattering axial angle 
9 by the equation k = 2gsin(#/2). If we insert the Coulomb law 



V(r) 



e 2 



into (JU instead of V we get 

2m e 2 



2m e 2 [<*> 
J {9) = --r^--. / drsm(Kr) 
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The above written integral does not converge, of course. The standard procedure 
to make the integral to have a sense is to regularize the Coulomb law by mul- 
tiplying it by the function exp(— fxr), where \i > and after having performed 
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integration to make the limit \i — > + . We will show that the regularizator has 
not to be of the form exp(— fir) . 

Let {g n (r)}^ = i be the sequence of monotonically decreasing functions defined 
on the half-line r > such that {g n } converges point-wise to 1 and we request 
that g n (0) = 1 and lim^oo g n (f) = 0. Moreover we request that the derivatives 
g' n (r) approach zero at r — > oo uniformly with respect to n. 
The scattering amplitude Q for the potential energy 

e 2 1 

V n (r) = g n (r) 

47reo r 

is given by 

2m e 2 [°° 2m e 2 

The integral I n {n) exists (as Riemann integral) due to our assumptions on the 
functions g n and the Dirichlet's criterion. Let us compute the integral I n {n) per 
partes. We get 

1 1 f°° 
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Our task is to show that the second term goes to zero as n goes to infinity. But 
this is true because of the properties of the sequence {g n } and because of the fact 
that there exists such positive constant K > that for all A > we have 



/ dx cos(kx) 
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< K 



Therefore we have 

hm f n ($) = --r~- 2 ' 

n-*oo h z 47reo K 

from which we get the differential cross-section 

^ _ if rmi 2 - 4m2e4 

dft " l/nWI ~ /i4(4vre ) 2 K 4 

which is nothing else but the Rutherford formula. 
As an example we can take the sequence of functions 

/ N , 2 (T 

g n (r) = 1 arctan — 

In this case we are able to compute f n (9) in terms of elementary functions. In 
fact: 

r . , 1 1 2 f°° , cosUr) 1 ll/" 00 , exptiunx) 
I n (n) = / dr — t; = / dx- 



K KUTT Jn 1 + l V « KIT J- I + X 2 
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- [1 - exp(-Kn)] I 
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We mention, that it is possible to take less limiting assumption on g n to get the 
same result. 
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Example 2 



In this section we will show another possibility how to regularize the Coulomb 
potential. Now, let us take the potential 



V(r, a) 



1 



47re r 1+a ' 

Then the scattering amplitude has the form 



< a < 2 



, 2m e 2 00 , sm /cr 
J(0,a) = ——K—- / dr 
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So, we have to compute the following integral 

sin(«;r) 



I(a, k) 



dr- 



To do this it would be useful to realise that the following identity holds 



1 



x a T{a) 
Inserting JHJ into (@J we have 
1 



(2) 
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(4) 



(5) 



I(a, k) 
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\t = KU 
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dr sin(«;r)e" 



-tr 
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dt- 



r(a) 7o ^ 2 + * 2 
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r(a) 



du- 
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.a-l /■! 
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dw(l - w) a ' 2 - l w a / 2 = - T 



1 + u 2 
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7T 



2r(a) sin (2*i) 



So, the scattering amplitude for the potential @ is given by the following formula 
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47re /i 2 K 2 - a 2r(a)sin(^) ' 
from which we get in the limit a — > + the amplitude 

j W 4vre ?i 2 K 2 
which leads just to the Rutherford formula. 
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